Termes du 2°™¢ ordre
pour I'interpretation du potentiel

Frédéric Chambat,
Laboratoire de Sciences de la Terre,

ENS Lyon
Bernard Valette, o
: , : AR A
Laboratoire de Géophysique Interne IS .
et Tectonophysique, | TN w
30N ’ = B\‘;Q : I&_.. i
Université de Savoie, et IRD. A NP
\_KA] ‘ '\/‘”)V‘;
\/’E Mﬁ\\ ! o
\\ f/ \ i S
LO'N \ ( \,CLI/,/[ J\vw){/
. | ¥ N
«A first requirement of a N RE
. . o Bk % a 2
reference Earth model is that it oo we e oo
must fit the mean radius, mass
and inertia. )) Bullen (1 974) -320.0 -160.0 -80.0 -40.0 -ZOC(}) " ';O 20.0 40.0 80.0 160.0 3200
raviS(mGal)

Ag,,,2¢me ordre



Potentiel de gravitation externe :

o) =3 3 ( )m o (D) Y0, M)
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o) =~ [ PO 0. 0V
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o = /V o(r, 0, 'Y (6, \) dV.

(d)g — M q%n . centre de masse
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Terre = modele spherique + variations laterales
p(ra ea}\') = pO (I') + 6p (ra ea}\‘)

¢ (p) = ¢ (py) + 09 (8p,E)

[. Definition de p,, , signification de op ?
II. Le calcul de 0¢ au ler ordre suffit-il ? (1sostasie)

[II. Déterminations de M, I, b, /M => [ ,/M,,.




[. Le modele moyen p,, ().

Po(r) =<p (r)> ou Py (1) =< p (x) >.

| |

Perte des discontinuités Commencer par définir le
Variations latérales importantes rayon moyen r



Rayon moyen et densit¢ moyenne

1 27T T
=4 /OH:U(H,)\)HsianHd)\

r=<[x[[>=|x]llg, = Elg=ClIx]-1)]y=

27
po( / / x(r,0,\))sin 6 df dA.
47T

po() = <p(x)>=p(x)]



II. La masse et I’1nertie

1 2
M:/pdV. I:—trj:—/prdV
v 3 3 Jv

b b
2
My = / po dV = 47‘(‘/ po(r)r? dr, Ty = —/ por? dV = ST po(r)r* dr.
VO 0 3 VO 3 0

0L =71 — 1 9
M = M — My

Plus généralement : 0¢ = ¢p(p) — ¢ (py) ?
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Exemple : / g aV N
/ b |

S~ -

Cube homogeéne de coté 2a,
densité p :

On ne peut pas conserver p, M et |.

...comme en cartographie...

Sphére homogéne de rayon b,
densité p,



Perturbation de la masse

0,0 = P(X)=pP,(r)
M:/ pdV.
14 E=Xx-r1

Au ler ordre :

LM = / (6ep + pdivé) dV =0
1%

Au 2éme ordre :

1 1
oM =0 M+ 552/\/1 = 552/\4,

2
= / {5gp divé + pdiv (g—e,,.) } 1% non nul
\V4 r

57“ :§h+§d7 OM = opM + g M,



Composante hydrostatique (& =¢re, 6p=0)

SpM = / Sh (2&@ &L) dv

En(r,0,\) = — re(r)Yy (60, \),

onM
M

On(Z/M) 6T  0pM
/M T M

T
~ 2.7x107° 5’17 ~ 9.4%x107°.

~ 6.7x107°.



Composante non hydrostatique

OgM = / 5gpdiV(fh6r) dV-l—/ 5gpdiV(fd6r) dV
vV

5dM 52/\/1 042

T

= e

<164><10_

05T 0xM| 8T | s M
7 T N
. 55T s M
= 4 max T M

/M

e

) <1.64x107°,



On retranche la composante hydrostatique :

55040

= (1.342 332 £ 0.000 031) x 10"°m®.

On ajoute le majorant de la composante non hydrostatique a 1’erreur :

d(Zo/Mo) _ d(Z/M)
i, T B

04(Z/ M)
T/ M

' < 230 Y|



Observables

Le rayon
b= R+ hlo,
dR
R = (6370994.4+3) m (ﬁ — 4.7 X 10—7) .

db
b= (6371230+10) m (? = 1.6 x 10—6) .



Model

FNOC

ETOPOS

smoothed
ETOPQO5

TerrainBase

DTM5

JGPY95E

Angular
resolution
10

X
10
5 X 5§
30><
30
5 X 5
5 X &
5! >< 5|

Years of
development

1960's

19?4>

1980's

1994

—> 1995

— 1994-1995

hlo
(m)

237.2
233.1
231.4
234.3
230.7

231.4



Mean land
elevation

(m)

771 (a)
875 (a)
801 (a)
756 (d)
726

. Year of
Continenta ublicatio
| area (%) P N
30 (b) 1921
29.2 (a) 1933
30 (b) (c)
29.1 (d) 1967

30.3 (e) 1973

Infered

(m)

231
255.5
240
220
220 (e)



LLa masse

d
GM = (398 600 441.54+4.0) x10° m® s~ 2 ( fﬁl) — 10—8> .

G = (6.67340.010)x 10~ m3 kg~ 52 (% _15 x 10—3> |

(Mohr & Taylor, 1999)

M = (5.9733 + 0.0090) x 10%* kg (% _ 15 x 10—3) |



Reference [and name of the
gravitational model].

Lerch et al. 1978

Smith et al. 1985 (a)

Marsh et al. 1985 (a)

Tapley et al. 1985 (a)

Newhall et al. 1987 (a)

Ries et al. 1989 (a)

Marsh et al. [GEM-T2] 1989 (b)
Rapp et al. [OSU91] 1991 (c)
Ries et al. 1992

Schwintzer et al. [GRIM4] 1997
Lemoine et al. [EGM96] 1998
(d)

GM and uncertainty

(105 m

398 600

3/s

440
434
434
440
443
440.5
436
440
4415
437.7
443.2

%)

20

- O N OO DN

AR



[’ inertie

5 5
Jin =2 + % (CQO = \/5022> Jo2 =1 + % (CQO - \/5022>
5 58S
J33 = 1—2%020 J12 = — g%
__f5om __[i5a
Jiz3 = — EWel J23 = ek
H:C—%M+B)
C 7 ;
P >(A+ B) Maz?  H Mb2 H 3
2 Ma??




H =

Model

OSU91

JGM2

GRIM4
EGM96

d
(327 379:|:2)><1()_8 (% = 6.1 X 10_6> . (Dehant& Capitaine 1996)

a*
J3 (2000) = J2 (2000—At) <—e> +0;Jo At. (tide free)
aZ (m)  Reference year Jo 5(2000)

in units of 103

6 378 137 1986 (a) 1.082 627 04 1.082 626 68
6 378 136.3 1986 6 93 6 33
6 378 136 1984 719 (22) 6 43

6 378 136.3 1986 6 68 (8) 6 08



dJz
2 2000) = (1082626.4£0.5)x10~° ( J; — 46 % 10—7) ,

Jgn — J2z + AJQ, J2z — Jén + ko AJ27 (mean tide, zero frequency tide)

d A
JZ = (1082617.14+0.5)x 10 ( jj = 4.6 x 10—7) .
2

(exclu les marées directes)

— (1.342 341 £ 0.000 009) x 10'3m? (d(I/ M) _ 6.6 x 10—6> ,

A
M /M



Coefficients d’inertie

T,
M°b2 =0.330 684 + 9 x 1076
0
1 —6
Lz = 0330692 £ 3 x 10
T
Tz = 0330 7088 x 107°
0

Romanowicz & Lambeck (1977) :

Yoder (Handbook, 1995) :

( To/ Mob? = 2.6 x 10 )
d(Z/ Mb?) _
( TIM? = 0.97 x 10 5).

MR?

= 0.330 850 + 15 x 107

MR?

—0.3307144+ 7?7 x 107°



Variations temporelles

HI/M) T OM _9Jy OH 1

/M T M Jo H 1-3H

2 dz? 4
6tI:—/pidV:—/v-xdm,

0{(Z/M) 0T 4 Mp* 1 / o
/M T 3% T Mb V’U:c m.
’Lfvv‘l'dm|§1 cm/an =>

Mb
0:Z/Z| <6.3x107% /an < 9 0OiJ2/J2

OH/H ~ OpJs/Jo



b = (6 371 230 + 10) m

Mo = (5.9733 £ 0.0090) x 10%* kg

To/ Mo = (1.342 332 £ 0.000 031) x 10'° m?



data b M I I/Mb /M

final uncertainty 10 X 107 15x107°  15x107%  26x10°  23x107°

measurement  16x107% 15x10™* 15x10™* 97x10°® 6.6x10°°

error
non-hydrostatic 0 44x107% 164x107% 164x107% 164 x107°
error
ellipticity 0 27x107%  94x10% 67x10% 67x10°°
correction

Influence of 36 % 10-5

792x107°
5b =230 m 0 0 !



Equatorial
radius

Geoc. Gravit.
constant
Gravitational
constant

Mass

Angular
velocity

Tide-free dyn.

form factor
Zero-freq
dyn. form

fantar

[[=19110] |

Precession
constant

Polar inertia
coefficient (a)
2nd
equatorial
qﬂsetma coeff
equatorial
iRgrig oo
coefficient (c)
Inertia
coefficient
Mean inertia
ratio

Mean inertia

Symbol

Value
(uncertainty)

6 378 137 (3)

3.986 004 415

(40)
6.673 (10)

5.973 3 (90)

7.292 115 (0.1)

1.082 626 4 (5)

1.082 617 1(5)

3.273 79 (2)
0.330 692 (2)

0.329 613 (2)

0.329 606 (2)

0.329 971 (2)
0.330 686 (3)
1.342 340 (9)
8.018 (12)

Unit Relative
uncertainty

m 4.7 < 107
101t m=3 s—2 1.0 < 10— 8
10 1T m3 kg 1t s 2 1.5 < 10— 3
1022 kg 1.5 < 10— 3
10> rad s— 1 1.4 < 10—8
10—3 4.6 < 107
10—3 4.6 < 10— 7

6.6 < 10—°

6.6 < 10 S
6.6 < 106
9.7 =< 106
1013 m2 6.6 =< 10 ©
1037 m=2 kg 1.5 < 10— 3



Data

Mean solid
topography

Mean geoidal
radius

Physical radius

Mass

Inertia

Inertia ratio (c)

Inertia
coefficient (c)

Inertia
coefficient (c)

2nd radial
density
moment (d)

4th radial
density
moment (e)

Symbol Value Unit
(uncertainty)
Rlo 233 (7) m
R 6370994.4 (3.0) m
b 6371230 (10) m
Mo 5.973 3 (90) 10%* kg
Zo 8.018 (12) 10°7 m? kg
Zo/ Mo 1.342 331 (31) 1013 m?2
Zo/ Mob? (330684 (9)
Zo/MoR? (330708 (8)
P2 5514 (8) kg m —3
P4 4558 (7) kgm >

Relative
uncertainty

3.0 x 102

4.7 < 10— 7

1.6

1.5

1.5

2.3

2.6

2.3

1.5

1.5

>

10—



III. Le potentiel

o = | plr.0Nr Y 6.0 4V,
\%4

Au premier ordre :

507 = | Suprtvrav [ pleintypas
= Vo )

0

/ (rtSup + p div(€,r)) Y™ dV,
Vo

b
. / b1epy 112 dr —dm ) [plET :()/
0 r
>



+

Au deuxiéme ordre :

0y =

{0ip div(€rt) + (£ + 2)pdiv(r*—1(£7)? e-)/2} Y™ dV,

Vo

0dP

m

14

Vo

(r8,p + p div(€r)}Y™ dV

N\

0Qp" = 0nPy" + 0aPy".

Hydrostatique

=Ly +

linéaire

4 p

-

A+ B+ Ct + Dy

non linéaire

Déviatorique

= L

m

14

_|_




Ly = [ sy av - [ ety as,
Vo )

0

Ay = —(t+2)/2 [ Y a,

20

By" = —/ [6apl€ar Y™ A3,

20

Cy* = / Sap div (Enren) Y™ AV — (£ +3) / [p€a&nr* Y™ X,
Vo )

0

Dy = [ lpléatart 17 ax.
>

0

(Avec &4 — 0 dans Vo\Xo )



AP =~ 42 [ gy as, < g = P
20 m C

Br = - | Balaryy ds, - a0 = Bp(0, — (0.))).

0

Cy* = / Sap div (Enren) Y™ AV — (£ +3) / [p€a&nr* Y™ X,
Vo

20

T— gh(T797 >‘) -

2 0
3\/57‘€(T’)Y2 (0, N),

Sap YV, dV — / [pléar* YLV, ™ dZ)
by

0

L CC?’:— E(b) £—|—3b/ <25d_g+3<d)y20yv£mdg

675 2¢ + 1 g b

3v/5

Vo

C/" = ——e( )£+ 3) (




DE"’Z/ [plealpr 1Y M A, < X, [léa = —pm€I0.

0



Potentiel, hauteur du geoide, anomalies a I’air libre

+1
8N =3 3 (b> o7 (B) Y™ (0, 0).

=0 m=—/¢
m _ ©g (D) 0g;" 0
p— _— — 1 _—
V4 9 q (E ) b



-100.0 -80.0 -60.0 -40.0 -20.0 0.0 20.0 40.0 60.0 80.0 100.0

Gravity anomaly (mGal) corresponding to A



-25.0 -20.0 -15.0 -10.0 5.0 0.0 5.0 10.0 15.0 20.0 25.0

Gravity anomaly (mGal) corresponding to B



-30.0 -250 -200 ~-150 -100 -50 0.0 5.0 10.0 15.0 200 250 30.0

Gravity anomaly (mGal) corresponding to C



Gravity anomaly (mGal) corresponding to D



-100.0 -80.0 -60.0 40.0 -20.0 0.0 20.0 40.0 60.0 80.0 100.0

Gravity anomaly (mGal) corresponding to N



-300.0 -80.0 -60.0 -40.0 -20.0 0.0 20.0 40.0 60.0 80.0 300.0

Gravity anomaly (mGal) corresponding to EGM96



-80.0 -60.0 -40.0 -20.0 0.0 20.0 40.0 60.0 80.0 300.0

-300.0

Gravity anomaly (mGal) corresponding to EGM96-N



-300.0 -80.0 -60.0 <400 -200 0.0 200 40.0 60.0 80.0 300.0

Gravity anomaly (mGal) corresponding to EGM96

-100.0 -80.0 -60.0 -40.0 -200 0.0 200 40.0 60.0 80.0 100.0

Gravity anomaly (mGal) corresponding to N

-300.0 -80.0 -60.0 -40.0 -200 0.0 200 40.0 60.0 80.0 300.0

Gravity anomaly (mGal) corresponding to EGM96-N



-300 -250 -200 -150 -100 -50 0.0 50 10.0 15.0 200 250 300 300 250 -200 -150 -100 -50 0.0 50 10.0 150 200 250 30.0

Height anomaly (m) corresponding to A Height anomaly (m) corresponding to B

4.0 32 24 -L.6 0.8 -00 0.8 L6 24 32 40 -L.6 -1.2 -0.8 04 -00 04 0.8 1.2 L6

Height anomaly (m) corresponding to C Height anomaly (m) corresponding to D



-1400  -100.0 -15.0 -50.0 250 0.0 250 50.0 75.0 100.0 140.0

Height anomaly (m) corresponding to EGM96-N

-200 -16.0 -120 8.0 4.0 0.0 4.0 8.0 12.0 16.0 200

Height anomaly () corresponding to N

-1400  -100.0 -15.0 -50.0 250 0.0 250 50.0 75.0 100.0 140.0

Height anomaly (m) corresponding to EGM96
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Produit scalaire < C0b87 CA = Zm:_z Cobszn CA?L -

Rapport des spectres ||CA ’ ’E _ V< CA,GCA >y
Y
[ICobslle V< Cobs, Cobs >+

< >
Corrélation Cory(Cobs, Ca) = Gobs, GA >

; ||<obsH€HCA||f,

. ||CobSH§ o HCObs — CAH%

Réduction de variance W(Cobsa CA) — || C - H2
obs| |y
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50 100 150 200 250 300 350
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03 EN
02

0.1

50 100 150 200 250 300 350

Rapport spectraux :
2¢me ordre / EGM 96

04

0.1

50

0.02

50

08

06

04

50

100 150 200 250 300 350
100 150 200 250 300 350
i\ !
““ i
100 150 200 250 300 350



075

05

0.25

—025
_0s ‘

-0.75

50 100 150 200 250 300

025

-0.25
-05

-0.75

50 100 150 200 250 300

Corrélations :
2éme ordre * EGM 96

350

350

50 100 150 200 250 300 350

50 100 150 200 250 300 350

50 100 150 200 250 300 350



-04 ‘

001 -

50 100 150 200 250 300 350 0 50 100 150 200 250 300

04

Réductions de variance :
2éme ordre - EGM 96

—04 -

350

350

350



120E

-320.0

-160.0

50'N

30'N

10°N

60°E T0°E 80°E 90°E L00’E LIO'E 120E

10N

60°E T0°E 80°E 90’E L00’E LIO'E 120E

50'N

40N

30'N

10°N

50'N

40N

30'N

10°N

Obs

Obs-N



Avez-vous reconnu
cet illustre géodésien
sans sa perruque ?
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Annexe A : harmoniques spheriques

)
m p*(cosB) cos (mA) it = 0
Y (0,A) = < Im| . .
| Py (cosB)sin (m|A) ifm <0
2T
% Y0, \) Y (0, )) dQ = —/ / Y (0, \) Y (0, )\)sin6 df dX = &5 67,

YO0,0) =1, Y26, =+v3cosh, Y(0,)) =+3sinfcos), Y;1(6,)\)=+3sinfsin,

Y2 (0, ) = §(3cos2 6—1).



e = [ heo, Ny, ) da,

L = 5
47TQ

00 14
h(O,0) =) > Y6, ).

=0 m=—¢

b b
/ RY," dV = / / RY," dQ dr = 477/ hY (r)r? dr.
Vo 0 Ja 0



Annexe B - Perturbations of | o (z)rkY,dV
F= [, f(z)rkYm dv
0nF = / ro81e fY," dV—/ “IFE - Y™ dY,
Vo >

0

= / (r*6uf + fdiv(r*€,)) Y™ AV,
Vo



Annexe C - Expression of ("

2
om = — b £+3/XYOYmdQ
¢ 3\/56()( ) ) erg Iy

Ly = / XY™ dQ.
Q

b
X = / aprtt? dr — Z[P]fdrf;+2°
0

s

/ ]_ /
m mm’ m’ mm't _ m yvmvyt
Y=Y e, Vs 47T/Ye' YY) dQ.
o'm/! Q
[ nvsvran —an 3 pp ny
Q 0'm/!

Oyvm _ _.mm 0y m mm0 v m mm 0y m
Yo X =y g oo Yoo+ Y o 2Ye + Ve s122 Yero



; g U o ¢ I
i = (C ey P EIT T ( ) ( ) |

g g ¢ —n om0

(0 +1) — 3m?
mm0 __
LAk \/5(26—1)(2£+3)’

e T 5\/5( (20—3)(2L —1)2(20+ 1) ) ’

b £+22_§¢5< (20+ 1)(2¢ + 3)2(20 + 5) ) '



OF = 5 =B +3) {7?228 | X, a0 arps [ X¥p o apnag [ X, dﬂ} -
Q Q Q

Cl' = ———=e(d)(L+ 3) {777 00 VLT o + V79 LT + 7708 b 2Ly} .

3v/5

4 Sagl | LCap) | 4
Ly = =Pyt (2—0’? + %) = =2y,

Cy* = — e(b) (€ + 3)b£+3 (W 5—23 Zy o+ g ng + Ve £+2(2J Zz+2) :
9v/5
m 2€(b) f =+ 3 mm 0 rm mmO0 rrm mm 7,
Ccp = — 3v5 20+ 1b (V029 Z5 o + Y02 Z5 + V5 e 2 Py )yt b2
m_ _ b [ ZYLymdQ,
et 6rv520+1 J “T2



Autres formules

O11f = O1ef+ grad f- &,

[ oad fav—— [ ovuav— [(ju-nlax,

by



